The performance of an acousto-optic deflector is studied for twodimensional refractive index that varies as periodic and sinc functions in the transverse and longitudinal directions, respectively, with respect to the direction of light propagation. Phased array piezoelectric transducers can be operated at different phase shifts to produce a two-dimensionally inhomogeneous domain of phase grating in the acousto-optic media. Also this domain can be steered at different angles by selecting the phase shift appropriately. This mechanism of dynamically tilting the refractive indexmodulated domain enables adjusting the incident angle of light on the phase grating plane without moving the light source. So the Bragg angle of incidence can be always achieved at any acoustic frequency, and consequently, the deflector can operate under the Bragg diffraction condition at the optimum diffraction efficiency. Analytic solutions are obtained for the Bragg diffraction of plane waves based on the second order coupled mode theory, and the diffraction efficiency is found to be unity for optimal index modulations at certain acoustic parameters.
Introduction
The light diffraction by bulk acoustic waves is a subject of considerable interest due to the wide variety of important applications. Bulkwave acousto-optics enable spatial, temporal and spectral modulations of light in various devices such as acousto-optic deflectors (AODs), acousto-optic modulators and acousto-optic tunable filters. Specifically, in medical applications, AODs enable inertia-free scanning for fast two-dimensional and threedimensional imaging in multiphoton microscopy on physiologically relevant time scales, overcoming the limitations of galvanometer scanners [1] . Therefore, the diffraction characteristics of acousto-optic gratings have been analyzed extensively. These studies can be broadly distinguished depending on the sizes of the incident light and acousto-optic medium. The light can be plane waves of infinite dimension laterally or a beam of finite size, and similarly, the medium can be the half-space or a crystal of finite length. Additionally, the medium can be isotropic or anisotropic. Kastelik et al. [2] analyzed the performance of anisotropic acousto-optic crystals by introducing a phase mismatch vector in the method of wave vector diagram.
Klein and Cook [3] studied the diffraction of light due to ultrasonic waves by solving a set of coupled first order difference-differential equations that were obtained from the optical wave equation by applying the method of partial wave, which involves resolving the diffracted light into a series of plane waves, and neglecting the second order derivatives of the amplitude of the electric field. Chu and Tamir [4] presented a rigorous modal approach as well as a coupled mode representation for the diffraction of light in periodically modulated isotropic media. Although the modal theory is accurate, it is tedious and time-consuming for determining the solution. Kogelnik [5] developed a coupled wave approach, which yields analytic results that are accurate around the Bragg angle of incidence for the Klein-Cook parameter greater than 10. Kaspar [6] applied Burckhardt's [7] Floquet method to thick gratings and compared the results to the coupled wave model. Burckhardt's work was only for phase gratings, which was extended to phase-plus-absorption gratings by Kaspar. Gaylord and Moharam [8] analyzed the coupled wave theory and showed the similarity between the coupled wave and modal approaches. These studies were for the diffraction of plane waves rather than the practical case of light beams of finite size. However, Chu and Tamir [9, 10] , and Chu, Kong and Tamir [11] applied the coupled mode theory to Gaussian beams by considering the beam as a superposition of plane waves. Moharam, Gaylord and Magnusson [12] studied the diffraction of Gaussian beams in acousto-optic media using a modified version of the coupled wave theory, yielding two coupled first order partial differential equations.
Chu and Tamir [3, 9, 10] simplified the coupled mode equations under the assumption of slowly-varying electric field, ( )
where k x is the angular wavevector in the direction, x, of the light propagation. This approximation, which is generally applicable to weakly-modulated media, yielded two coupled first order ordinary differential equations. They solved the equations analytically by neglecting the reflection of energy at the exit boundary and, therefore, the solution is applicable to the propagation of light in very wide media and the half-space. Uchida and Niizeki [13] studied a first order coupled mode theory that yielded analytic solutions for 0 and −1 order modes at the Bragg angle of incidence. However, the application of their model is restricted to weakly modulated media [11] since it neglects the effect of the exit boundary. Later Kong [14] presented a simplified second order coupled mode approach for both weakly and strongly modulated media and provided analytic solutions for the reflection and transmission coefficients, accounting for the effects at both boundaries of an AOD. The above-mentioned studies are, however, based on one-dimensional modulation of the refractive index. Only recently, attention has been paid to the effect of two-dimensional refractive index modulation on light diffraction as analyzed by Andre, Guen and Jonnard [15] . In the present paper, the diffraction of plane wave lights is studied in two-dimensionally modulated media of finite size. The bulk acousto-optic grating is formed by the interaction of light and acoustic waves. The acoustic wave is steerable [16] [17] [18] using a phased array of transducers with suitable time delayed radio-frequency (RF) signals. This mechanism enables meeting the Bragg condition at every RF frequency for incident lights from a fixed source. Consequently, the dynamic acousto-optic volume grating can improve the performance of AODs, such as high diffraction efficiency, large deflection angle and large scan angle.
This paper begins by presenting in Section 2 a qualitative argument that supports the coupled-mode theory of light diffraction based on two-dimensional refractive index modulation. An analytic approach is then presented for second-order coupled mode propagation of light in AODs with multiple phased-array transducers. The results are presented in Section 3 for TeO 2 AODs based on the phase, frequency and amplitude modulations of the transducers. Additionally, the diffraction efficiency of this twodimensional refractive index model is compared to the results of others' one-dimensional refractive index models.
Theoretical background

Modulation of refractive index in two dimensions
Conventional AODs are operated with a single transducer or an array of transducers assembled in the planar or stepped configuration [19] . In the single transducer configuration, the performance of AODs is limited by the applied RF power, narrow bandwidth, small deflection angle, narrow scan angle and low diffraction efficiency. The array configuration of transducers was introduced to improve the performance of AODs using phase-shifted acoustic waves that create tilted modulation in the refractive index as shown in Fig. 1(a) . Each transducer is operated at a relative time delay to generate phaseshifted acoustic waves. These waves propagate through the AOD with a tilted composite wavefront and consequently, the compressed and rarefied atomic layers are also tilted resulting in the slanted refractive index modulation. This type of transducer array improves the deflection scan angle and the diffraction efficiency. However, the time delays are fixed, which produce a static phase grating, and the transducers are relatively large in conventional AODs and therefore, the composite wavefronts cannot be steered at any arbitrary angles. Dynamic phase gratings can be produced by operating the transducers at different phase shifts and utilizing the interference and diffraction of the acoustic waves. These phenomena produce a tilted grating lobe with the principal direction, z s , as shown in Fig. 1(b) and the lobe can be steered at any angle of interest by varying the phase shift and amplitude of the acoustic waves.
The steering angle is indicated by  θ in Fig. 1(b) . Noting that θ 0 is the original incident angle of the light onto the unperturbed medium, the new incident angle becomes 0 in θ θ θ = +  for the tilted lobe. Thus the tilted lobe provides a mechanism of automatically changing the incident angle of light without moving the original light source. Also the frequency of the acoustic waves emitted by the transducers can be adjusted to achieve the Bragg angle of incidence, i.e., in B θ θ = for each lobe, which ensures large deflection angle given by in θ and large diffraction efficiency given by the Bragg diffraction condition. Another aspect of the tilted lobe is two-dimensional modulation of refractive index in the lobe, which results in dynamic two-dimensional gratings in contrast to one-dimensional gratings in conventional AODs. The interference and diffraction of the acoustic waves that form the lobe, also produce a resultant acoustic intensity distribution as a diffraction pattern, typically, in the form of a sinc function. This intensity pattern modifies the refractive index in the transverse direction x s , and the index variation is taken as a sinc function in this study. On the other hand, the refractive index varies periodically with the period Λ in the longitudinal direction z s due to the propagation of the acoustic waves in the AOD. These two mechanisms produce a refractive index profile in two dimensions by perturbing the nominal refractive index in the titled lobe as shown in Fig. 2 , resulting in a two-dimensional phase grating. Wooh and Shi [20] [21] [22] showed that multiple piezoelectric transducers can produce steerable acoustic lobes in a medium, and the longitudinal direction, z s , coincides with the composite acoustic wavevector K  . A typical two-dimensional index profile in region II, ( ) , II n x z , can be written as:
. Two-dimensional refractive index profile generated by a tilted lobe in an acousto-optic medium.
where n 2 (λ 0 ) is the refractive index of the unperturbed acousto-optic medium at the wavelength of the incident light in vacuum, λ 0 , and n Δ and Λ are the maximum change in the refractive index and the acoustic wavelength in the modulated medium, respectively. The parameter b is a constant that defines the length of the lobe spanned by the central peak of the sinc function with significant contribution to Δn. Considering that x = 0 is at the center of the lobe, x = ± L/2 represent two points on either side of the center, and L is the full width at half maximum of the sinc function, b can be related to L by the following expression:
The perturbation of the refractive index, δn, from its nominal value, ( ) 2 0 n λ , is given by [21] :
( )
where p is the photo-elastic constant and e is the strain tensor due to the mechanical stresses induced by the acoustic wave. The strain amplitude is in the range of 10 −8 to 10 −5 , and the photoelastic coefficient is 0.23 for TeO 2 [19] . So the value of δn and consequently, the maximum modulation, Δn, are relatively small for typical AODs.
Second order coupled-mode equations for periodically modulated media
For an incident light of TE polarization in the y direction, the electric field, 
where 0 k is the angular wavenumber of the light at its wavelength in vacuum. Since the light propagates in a periodic medium of periodicity Λ , and the wavevector of the acoustic field, K  , is inclined to the z axis at an angle  θ (Fig. 2) , the electric field can be expanded in a set of Floquet waves [14] , ( )
At the Bragg angle of incidence and in its vicinity, only two Floquet modes, i.e.,
modes, couple strongly to each other. So Eq. (7) can be reduced to the following two coupled equations by neglecting the higher order modes and taking  θ as zero.
Three dimensionless parameters, 1 , and φ φ β , appear in Eqs. (8) and (9), which are given by:
where Q and α are Klein-Cook parameter and angle ratio, respectively, which are defined k n k = are used to obtain 1 φ while deriving Eqs.
(8) and (9), where 2 θ is the angle of refraction at the incident boundary of the AOD medium. φ is a phase parameter for the light in the unperturbed medium. φ , which is obtained using the relation 2 2 0 k n k = while deriving Eqs. (8) and (9), represents the phase difference due to the change in the optical path length nL Δ . This k n k = are used to obtain β while deriving Eqs. (8) and (9) . Q is given by [23] :
It classifies the light diffraction process into three regimes: (i) Raman-Nath diffraction in thin gratings corresponding to 1 Q  , (ii) Bragg diffraction in thick gratings corresponding to 1 Q  , and (iii) the transition region for 1 Q ≈ . The angle ratio, α , is defined as:
It represents the ratio of the sine functions of the incident and Bragg angles since > . The angle ratio parameter can be varied by operating the piezoelectric transducers in the frequency modulation mode since K depends on the frequency of the acoustic wave.
Solutions of the reduced coupled mode equations
Equations (8) and (9) ( 1) 
where δ j1 and δ j2 are Kronecker's delta functions and the other auxiliary parameters are defined as: 
A 1 , A 2 , and B 1 and B 2 are the constants pertaining to the homogeneous solutions for 0 and −1 order Floquet modes, E 0 (x) and E -1 (x), respectively. On the right hand side in Eqs. (16) and (17) , the first two terms are these two modes in the unperturbed acousto-optic medium and the third and fourth terms represent the interaction between these two modes in the perturbed medium for transferring energy between them. The last term in each equation represents higher order effects for the interaction between the modes involving ( )
term. This last term also shows the self-effect of each mode because the electric field of a mode at a given point x , e.g.,
( )
0 E x , is affected by the distribution of the field over the entire distance ranging from 0 to x . Equations (16) and (17) are essentially Volterra integral equations which can be solved by the method of successive approximations [25] . As a first approximation, however, only the first four terms have been considered in this study to calculate
Reflection and transmission due to the modulated medium
In region I, the overall electric field, which consists of the incident and reflected fields, can be expressed as: 
where E 0 (x) and E -1 (x) are the solutions to the two Floquet modes given by Eqs. (15) and (16), respectively. In region III, the electric field consists of the transmitted components of 0 and −1 order modes, and there is no reflection from this region back to region II. So the transmitted electric field in region III can be written as: (18)- (20) contain eight unknowns: r 0 , r -1 , A 1 , A 2 , B 1 , B 2 , t 0 and t -1 , which are determined by applying the boundary conditions that the tangential electric and magnetic fields are continuous at the incident (x = -L/2) and exit (x = L/2) boundaries of the acousto-optic medium. The boundary conditions involving the normal components, which require that the normal component of the electric displacement vector and the normal component of the magnetic flux density vector be continuous at the boundaries, are not considered because these two conditions are not independent of the two tangential conditions [26] . Since the tangential magnetic field 
At / 2, , , and
These four boundary conditions must be satisfied for each mode at all values of z. So eight linear simultaneous equations can be obtained by equating the coefficients of the waveform of each mode, i.e., 
for the case of G m = 1.0.
Results and discussion
In this study, the acousto-optic medium is a TeO 2 crystal, which is transparent in the wavelength range of 0.35 to 5 μm [13, 27] , and the incident light is a plane wave of wavelength λ 0 = 632.8 nm in vacuum. So the angular wavenumber of the light in vacuum is k 0 = 9.93 × 10 6 m −1 . The nominal refractive index of the crystal is n 2 = 2.26 at this wavelength, which is the refractive index for the ordinary light [28] . Although TeO 2 is a uniaxial positive crystal, it can be treated as an isotropic medium for longitudinal acoustic waves and transverse electric polarized light. The velocity of sound in the crystal is V = 4260 m/s in the crystallographic direction [001] for the longitudinal mode [28] that results in Λ = 56 μm and K = 1.12 × 10 5 m −1
. So the Bragg angle of incidence is θ B = 0.324° at 75 MHz. The length of the modulated region is L = 2.24 cm, which yields Q = 4π and therefore, the AOD is operated in the Bragg regime since Q >> 1.
Results are obtained for different cases by varying the frequency of the acoustic waves as well as their amplitudes and phases. The effect of amplitude modulation manifests as the index modulation Δn, and the phase-shifting corresponds to grating lobes at different steering angles,  θ , resulting in a new incident angle Fig. 1(b) ]. This angle would be the Bragg angle of incidence if the acoustic frequency for the lobe is chosen properly using the Bragg diffraction condition, i.e.,  ( )
Thus the effect of phase-shifting manifests as operating the AOD under the Bragg diffraction condition for each lobe to achieve large deflection angle,  0 θ θ + , and high diffraction efficiency at any frequency. Four parameters, the index modulation strength n Δ , the acoustic frequency F, the angle of incidence θ in and the grating length L, are found to affect the optimal performance of the AOD. . The curves are symmetric about this angle, indicating that the diffraction efficiency reduces by the same amount if the incident light is misaligned to either side of the Bragg angle of incidence. As the index modulation strength deviates more from the optimal n Δ , the diffraction efficiency decreases further and varies with in θ more nonuniformly. Good uniformity in the curve shows that the AOD can be operated at nearly 100% diffraction efficiency over a relatively large range of the incident angle and therefore, the AOD would be highly tolerant of misalignment while setting it up and tuning to achieve the Bragg angle of incidence in practice. for the frequency of 75 MHz. The diffraction efficiency is nearly 100% and varies symmetrically in the proximity of this angle, but the curve becomes asymmetric away from this angle because Eqs. (8) and (9) hold good around the Bragg angle of incidence. For the other two RF frequencies of 65 MHz and 85 MHz, the Bragg angles are 0.281° and 0.367°, respectively. Although the Bragg condition is satisfied at these two angles, the diffraction efficiency is not unity at the corresponding frequencies because the efficiency of an AOD depends on both the index modulation strength and the degree to which the momentum is conserved in the photon-phonon interaction [29, 30] . While the frequency of the acoustic wave affects the conservation of momentum for a given incident light, the acoustic amplitude influences n Δ . Therefore, both the frequency F, and the amplitude or equivalently Δn, need to be adjusted to optimize the diffraction efficiency. The effect of the optimal pair of F and Δn is studied in Fig. 6 , which shows the performance of dynamic phase gratings, i.e., acoustic lobes at different steering angles. The diffraction efficiency is plotted as a function of the incident angle in θ for different pairs F and Δn, so that each pair has its own Bragg angle of incidence. This is the reason for achieving 100% diffraction efficiency at different frequencies. As discussed earlier in this section, operating the piezoelectric transducers at different phase-shifts forms acoustic lobes in the AOD at various steering angles, resulting in new incident angles 0 θ θ +  . For each new angle of incidence, an acoustic frequency can be selected to ensure that the Bragg diffraction condition is satisfied. Also the transducers can be operated in the amplitude modulation mode so that the acoustic pressure inside the AOD is sufficient to induce an optimal Δn. Thus the phase, frequency and amplitude modulations of the transducers enable achieving 100% diffraction efficiency with relatively large deflection angles at different frequencies. Figure 7 compares the results of this study with two other models to examine the effect of two-dimensional and one-dimensional refractive index modulations on the diffraction efficiency. This study is based on steerable acoustic lobes, whereas models 1 and 2, which were developed by Kong [14] , and Uchida and Niizeki [13] , respectively, considered conventional AODs composed of a single or multiple transducers. Models 1 and 2 in Fig. 7 show that conventional AODs have the maximum diffraction efficiency only at the Bragg angle corresponding to the central operating frequency of the AOD, which is 75 MHz in this study, and have limited bandwidth as imposed by the Bragg interaction. Only certain momentum components of the acoustic beam, which can be phase-matched to the momentum components of the incident and diffracted lights, are useful for generating the −1 order mode from the 0 order mode. In the acoustic lobe steering model of this study, however, the diffraction efficiency is 100% for all operating frequencies of the AOD because the Bragg diffraction condition can be achieved at all frequencies as discussed previously.
It should be noted that an ideal, i.e., a loss-less acousto-optic device, is considered in this study. In practice, however, the acousto-optic crystals can absorb the light causing a significant amount of power loss, which will reduce the diffraction efficiency. Additionally, the piezoelectric transducers are not ideal, i.e., they do not generate acoustic waves at a single frequency, which can also affect the diffraction of the light. The diffraction efficiency is 100% in loss-less media as predicted by models 1 and 2, and the model of this study. Klein and Cook's [3] model also yielded 100% diffraction efficiency for isotropic media under certain operating conditions. For anisotropic media, Kastelik et al. [2] determined 100% diffraction efficiency theoretically, which compares well with their experimental data, over a fairly wide range of acoustic frequency under the no power loss condition. These results highlight that all of the light can be diffracted into the first-order mode for ideal AODs.
Conclusion
A two-dimensional refractive index model has been presented to modulate the refractive index in two dimensions for improved performance of AODs. The refractive index varies as periodic and sinc functions in the longitudinal and transverse directions, respectively. This type of modulation can be achieved by operating the piezoelectric transducers of AODs in the phase, frequency and amplitude modulation modes simultaneously. The resulting second order coupled mode equations have been solved analytically for the reflection and transmission coefficients of the AOD. The phased array of transducers allows generating tilted acoustic wavefront dynamically, resulting in acoustic lobe steering that produces dynamic two-dimensional phase grating inside the AOD. Due to this effect, the AOD can be operated under the Bragg diffraction condition at any frequency with corresponding optimal index modulation strength and consequently, the diffraction efficiency is found to be unity at different frequencies with relatively large deflection angles. Therefore, the performance of AODs under the two-dimensional index modulation is not limited by the frequency bandwidth as observed in conventional AODs.
